Abstract. A uniqueness result is proved for the 3D inverse scattering problem of geophysics with a fixed position of the source and surface data given for all frequencies.
Introduction
Consider the following inverse scattering problem of geophysics :
Lou := [V2 + k2 + k2u(x)]u(x, k) = -6 (x) in lR3 k = constant > 0
The limit in (2) is attained uniformly in directions of x . In (1) 6 ( x ) is the delta-function It is well known that the direct problem (l), (2) has a solution and the solution is unique.
The inverse problem IPl is: given u(x,k) for all x E P := {x : x3 = 0} and all k > 0, find u(x).
Note that this inverse problem does not have overdetermined data: both ~( x ) , the unknown function, and the data u(x,k), x E P, k > 0, are functions of three variables.
In geophysics u(x,k) is the acoustic field generated by a point source located at the origin. This field is measured on the surface of the Earth, on the plane P , for all wavenumbers k > 0. From this information one wishes to find v(x), the inhomogeneity in the velocity profile in the lower half-space, c-~(x) := 1 + u(x), where c(x) is the wave velocity.
A generalisation of IP1 is the inverse problem IPlO in which the data are measured not for all x E P but for all x E w , where w E P is an arbitrary small open set in P. 
Here 8 E S 2 is given, S 2 is the unit sphere in IR3, 
The IP2 is: given A(-8,8,k) for all 8 E S 2 and all k > 0, find q(x).
The data A (-8,8 , k) are called the backscattering data. The uniqueness theorem for the solution to IP2 has not been proved up to now. However, a local uniqueness result is proved in [ll] and a formal procedure for solving IP2 is given in [lo] . Here we wish to outline a different approach to IP2.
Proof of proposition 1
First, the ideas of the proof will be sketched for convenience of the reader.
Step 1 is the derivation of an orthogonality condition which has to be satisfied by a difference p(x) := u2-u1 of two uj(x) which produce the same surface data.
Step 2 is the derivation from this orthogonality condition that p(x) = 0. Let us turn to the first step. In this step the assumption av/axj = 0 is not used.
Step 1. Assume that uj(x), j = 1,2, produce the same surface data. Subtract equation (1) with U = u2, U = u2 from this equation with U = u l , U = u1 to get
By this assumption one has
By the unique continuation property for elliptic equations, (7) implies
Since w E Hi,(lR3), it follows from (8) and the well known embedding theorem that
where N is the outer unit normal to r. Multiply (5) by an arbitrary element
integrate by parts using (9) and get the desired orthogonality condition
Currently we do not have a proof of (12) and we will prove proposition 1.
Step 2. Assume that au,/axj = au2/axj = 0 for some j , 1 I j I 3. Then a p / a x j = 0.
(1 3)
The idea of the remaining part of the argument is to use the low-frequency (k + 0)
asymptotics of u2 and 4 in (11) and to derive that (11) implies
From (13) and (14) it follows that p ( x ) = 0. Indeed, if h is harmonic in D, so is a h / a x j .
Thus, using (13) and integrating by parts one gets
where N j = N * e j and ej is the unit vector along x j axis. It follows from (13) Note that in the proof of (14) we will use only the low-frequency (0 c k c k,, k, > 0 is arbitrarily small) portion of the data (as in [2] ). To derive (14) let us first obtain the low-frequency asymptotics of u2(x,k) and +(x, k). The function u2(x, k) satisfies the equation (13).
It follows from (18) that
This can be easily proved, as in [2], if one takes into account that, for sufficiently small k, equation (18) is uniquely solvable by iterations.
As 4 in (10) let us take the Green function G(x, z, k) of the operator L,, which has the point z outside D and satisfies the radiation condition (2).
Analogously to (19) one obtains 1 ik
Substitute (19) and (20) into (ll), equate the coefficients in front of k", m = 0,1, to zero, and get
Take IzI -+ 00 in (21) to obtain s, 9 dx = 0 .
From (22) and (23) 
Again, (33) follows if the set (ul (x, 8, k) 
It is well known that, for q E Q,, the scattering solutions u(x, 8, k) have the following properties (a proof can be found in [12, p 2311 for example).
(A) exp(-ik8 . x)u(x, 8, k) := q ( x , 8, k) is meromorphic in k E C, has at most finitely many simple purely imaginary poles in C+ = (k : Im k > O}; C is the set of complex numbers.
(B) q -+ 1 as Ikl --+ CO, k E C+; the limit is attained uniformly in x E D and 8 E S2.
Therefore (32) One expects that (36) and (35) imply p(x) = 0. We cannot prove this presently without additional assumptions on p(x). Recall that our assumption on p(x) is p(x) E Q, as follows from the definition of p(x) and the assumption qj(x) E Q,, j = 1,2.
